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Abstract
(n)
If X 1is a sequence of semimartingales, converging to a semimartingale
(n) (n)
X, and such that [ X, X ] converges to [X,X], then all higher order variatioms
(n)

and all the iterated integrals of X converge jointly to the respective

functionals of X.
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A 1. Introduction A
s - -
¢ (n) Ny
A. Let Xt be a sequence of semimartingales, with te [0,1], such that
. (n) : N
; (L.1) x ),y 2
Y g
N where X is a semimartingale, and —Y—(—‘lﬁé denotes weak convergence on D[0,1] "’
with respect to the J;-Skorohod topology. \
-' ,‘, - . - -) -y
. -We investigate ;the, convergence of the variations, iterated integrals XL
. - : (n) .-
: . \
F, and Doleans Dade exponentials of X , which are defined as follows: rfor Y .
/ -
. a semimartingale, / o
: Yt for k=1 ::El.
(1.2) VoY) = [Y,Y] = <v,¥> + § (0¥ )%, for k=2 X
k t t t s
sst g
Joay )%, for k23 o
s<t ° :'_:.
- Yt for k=1 _
. (1.3) (V) = t T
A k't S
.. [T, (Y) dY , for k>2
~ < k-1 S- S -
. 0 i
)2 .
& (1.4) E(AY) = exp[AY -~ =[Y,Y) 1 11 £QAAY), .
. t t 2 t s =
. s<t _.:
: 2 '::
- xty A
where £(x) = (1+x)e . "
- ;K -, "/ » ?im'“./\ .‘.
- ¥V (Y), I1,(Y) and E(AY) are called respectively the variations, the .
: K Ty —
K iterated integrals and the Doléans-Dade exponential of the semimartingale Y. %— ':1':
- - '.'_‘
' It is known that Vk’Ik and E are well defined for any semimartingale Y (see 8 _
o
o Meyer, 1976). These quantities are important in the theory of multiple — {
°, s
integration with respect to Yt' .:.:
(n) [nt] N
B. When X_ = )} X, , with X, _ a triangular array, then —_—l
t i,n i,n
i=1 les
(n) coedn g djor

[nt] B -

k speCidl R

v (x), = 1 X B
i=1 '

’
N




2

(n) ;
LGx), = X, .o X ,
k t 1<i <...<i <[nt] 1l,n ik,n

1 K
and

(n) [nt]( ) liflxk (n)

E(AX), = T (1+XX = L(x) .
ogml f,n" 2o kK t

The problem of the convergence of these '"moments", "symmetric statistics",
and generating function of the symmetric statistics have been studied in
[1]),[3-5],17], and [9].

C. From formula 41.1 of Meyer (1976), it follows that in the semimartingale

context, just like in the discrete deterministic case, k=1,..., m and

Ik,
Vk’ k=1,..., m can be represented as polynomials of n variables in one

another (the Newton polynomials which relate sums of powers to the sums of

products). Thus, the issue of the joint convergence of Ik, k=1,..., m,
and that of the convergence of Vk’ k=1l,..., m, are equivalent.
(n) w(dy) (n) (n)

D. X —=25X does not imply in general [X, X] -+ [X,X], as the follow-
ing deterministic example from Jacod (1983) shows:
(n) [nzt](_l)k nn [nzt]l
X = & converges uniformly to 0, but [X,X] = Z - > t.

t t 2

k=1 k=1l n
E. However, the following result holds:
Theorem l: The following three statements are equivalent.
(n) nn
J
(1.5) (X, 15X 2005 x, 1x,xD),
(1.6) (Vl( X)yeuny Vm( X)) ——;:;—J'VL(X),..., vm(x)), vm22,
(n) (n) w(Jy)
(1.7) (Il( X )serny Im( X)) ——7;;;—> Il(X),..., Im(X)), Vm= 2.
They also imply:
(n)

(1.8) EG x ) Y05 p0x), v,
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3
Corollary: 1If
(n)
(1.9) X _l(.‘_l_ll> X
and the condition of Jacod (1983) holds:
h,n
(1.10) lim sup P{Var(B )l>b} =0
b nrco
(where h is a truncation function and (Bh’n)t is the previsible projection
n

of the truncated semimartingale X), then (1.5), (1.6), (1.7) and (1.8) hold.

Proof: cf. Jacod (1983), Theorem 5.1.1, (1.9) and (1.10) imply (1.5).
2. Proofs

Introduce the following notation: For any real number x,

»
]

X*1{(x]>a}

»
I
[

= % 1i1x)<a)

We establish now the following:
(n)

Lemma l: a) Suppose X are semimartingales such that

. (n) (n)
(2.1) lim lim P{[X,X]l>b}=0,

broo n-roo

and let f(x) be any real funct.on such that f(x)==o(x2), as x+ 0. Then,

for all ¢,

(2.2) lim Lim P{ } ]f(sza)l ze} = 0.

a»0 nro s<1

(n) w(Jy)

b) 1If the assumptions of a) hold, X ~———>X and f is a continuous,

vector valued function, then:

(n)
(2.3) I £ X)) SLICIDING, £(AX ).

s<t s<t
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B\ K
\ e
LY (n) (n)2 ',‘.
2 Proof: a) Note first that ZsSt[f(A XS)[ <o, since sztAxs <o, Let now 7
-2 o
g(a) = Suplx|5a|f(x) |/x"“. Then,
: "
. (n), (n), "
” PL] e x| >eb s P ] (6% Say20(a) > €} 5
s<1 s<1 s . ',
(n) (n)
X <P{[ X,X 1, > e/g(a)l}. .
- Since g(a) » 0, (2.2) follows from (2.1).
ay
b) Let UX)={u>0:P{ letl #u, for all t}=0}. U(X) is dense in R+. For "
) any a€ U(X), and f continuous, the functional u-i
g A >a i
) $c(2), = ) f(AzS )
% sst A
= (n) w(Jy) oy
is J; continuous a.s. (dist (X)). Thus, X ———— X implies for ae U(X) 2
(n)
s2(x ) 2, 53y, -
Also, ' i
a a.8. (Jl) ':’
—_— = . DA
Sf(x)t =50 Sf(x)t 7 f(AXS) .
s<t -
"
The result follows now by (2.2) and Theorem 4.2 of Billingsley (1968). =
.- o2
v Proof of Theorem 1l: "
’ By Lemma 1lb, we have (1.5)=> (1.6), and in fact the same type of argu- -:::
v ..>
ment yields (1.5) > (1.8), as follows: Assume for convenience A =1 and e
le UX), let .
. 2 X
. - - X .
- f(x) (€n(l+x) -x + Z]I{lxlﬁl}’ .
3 X
: fi :
> and let T D[O,l]—’D[O,l} be defined by
v e
> >1 > .
: 1@, = 1eezh = 1 assz Hexpl-nz T+ Sz hY), G
‘ sst sst NS
N !




5 o
N
() "'-
K Since the Doléans-Dade exponential E:
U :.'.
1 <1 N
E(X)_ = exp{X_- SIX,X] + ] £(AX_""1} - T(X) ,
t t 2 t s t Lo
s<t
¥
it remains only to note that the functional: R
"
x®: 010,11 » 0™ (0,1
. A
2 _ a s
is continuous a.s., if both spaces are endowed with the respective J; topo- -
logies. Letting then a—~+ 0, as in the proof of Lemma 1, one gets: .
. (n)  (n)(n) (n) (n),, -
. (X» [X,X1, ) £GX), TLAX) ..
s<t s<t
- r'..
> AL
HUD S x Lk, T ek SYy, T oeex Ty, :
t t S s -
s<t s<t -
x2 2 o
since €n(1+x) - x + 5 = 0(x%), and since (l.5) implies (2.1). Finally,
applying the continuous functional
: (4) :
: D > D , K
g (0,11 ~ °[o,1] :
0(Z. 12, 22.s2,) = explZ, - 2. +2.1°2 -
1°72°73°74 1 272 3 4 -
we get that T
(n) 5
EQ x ) ) g0y, -
Since (1.6) is equivalent to (1.7) (by the use of the polynomial mapping), .
and (1.6) trivially implies (1.5), Theorem 1 is proved. 0 3
’..j:
..“
o _:.
o -
e e e e e e e e T T T A T
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